Further to the studies by Chen & Rezende (OMAE2009) 
INTRODUCTION
Its well known that the low-frequency wave loads are one of the main sources of excitation to the moored systems. In the last decades, much work has been done on the estimation of secondorder loads. Although most of them concern the unidirectional wave condition, we may cite the important works by Molin & Fauveau [1] , Pinkster [2] and Krokstad [3] which deal with the computation of second-order loads in multi-directional waves. Nevertheless, until these days, the second-order interaction between waves coming from different directions is not properly taken into account in the common practice. Furthermore, model tests that are used to evaluate the behavior of moored vessels and calibrate numerical models are systematically performed in unidirectional waves. However, unidirectional seas are an idealized condition and in reality waves are multi-directional.
At first-order of approximation, the effects of a multidirectional sea state may be considered as a linear sum of the effects of each unidirectional component. This is not the case at second-order of approximation, where it can be observed the existence of long-waves linked to the first-order waves which travel at the group velocities. This phenomenon is known as set-down and its importance increases with decreasing water depth. Therefore, its not a surprise that with the installation of offshore LNG terminals in shallow water area, the questions regarding the effects of directionality on the mooring systems of those units are raised as an important issue for the comprehension of their behavior [4] , [5] , [6] .
THE QUADRATIC TRANSFER FUNCTION
The second-order low-frequency wave loads occur at a frequency equal to the difference of two wave frequencies of all combinations in a sea state. They are proportional to the product of wave amplitudes and often called the quadratic transfer function (QTF). Its usual to decompose the QTF in two parts: the first part dependent on the quadratic products of first-order wave fields also called the quadratic part and the second part contributed by the second-order potentials, also called the potential part.
The quadratic part can be obtained as far as the first-order problem of wave diffraction and radiation is solved. However, it was shown in several works that the second-order wave loads converge very slowly. The formulations of second-order wave loads involve the gradient of velocity potentials which is sensitive to the singularities present in the velocity field at sharp corners. In particular, the integration of quadratic products of potentials converges slowly or in the worst cases, may be non-convergent. Recently, new formulations of the second-order wave loads contributed by the first-order wave field have been developed in Chen [7] , in which the integration of quadratic terms of potentials is performed at a control surface at a distance from the hull so that the numerical precision is much better. It can be written as follows:
The potential part is expressed in the way in [7] 
in which the first term in the hull integral corresponds to the second-order Froude-Krylov component contributed by the incoming wave potential φ (2) I defined by:
with
(ε 1 , ε 2 ) being the phases of first-order incoming waves associated with (ω 1 , β 1 ) and (ω 2 , β 2 ), respectively. k m is given by:
APPROXIMATIONS OF QTF IN UNIDIRECTIONAL SEAS
In irregular waves represented by wave energy spectrum S ηη (ω) characterized by the parameters like significant heights, peak periods and form coefficients, the elevation of free surface is written as a Fourier series:
and the complex amplitude:
The low-frequency wave loading in unidirectional seas is defined by a double summation:
with a * k the complex conjugate of a k Due to the complexity on the calculation of the second-order potential contribution, few approximations are proposed. One approximation proposed in Newman [8] consists of simply ignoring this part of second-order wave load based on the argument of the zero limit of wave difference-frequency. This approximation is the most used in practice and it is commonly accepted for applications in moderate and deep water depth in unidirectional seas. It has been demonstrated, however in [9] , that its application to shallow water cases may lead to large underestimation of the low-frequency loading.
Recently, the formulations of second-order low-frequency wave loads are re-analyzed in Chen & Rezende [10] by developing the full QTF as a limit series of terms in different orders of wave difference frequency. Further to these work, the series expansion of the second-order wave loading with respect to the difference-frequency is extended up to the order-∆ω 2 . It provides a novel method to evaluate the low-frequency second-order wave loads in a more accurate than usual order-0 approximation (Newman approximation) and more efficient way comparing to the computation of complete QTF. The time series reconstruction by applying the new approximations can be expressed as follows:
and
where, F 1 j and F 2 j are the terms linearly proportional and quadratic proportional to ∆ω , respectively [11] .
APPROXIMATIONS OF QTF IN MULTIDIRECTIONAL SEAS
Considering the coexistence of waves from different directions β m , the first-order elevation of free surface can be expressed for each wave direction in the same way as (7):
The second-order wave loading in multidirectional seas is defined by a quadruple sum in order to account for the interaction between waves from different directions:
If we assume that the resonance frequencies of mooring systems are typically very low (< 0.05 rad/s), the same Taylor expansion developed for the unidirectional case can be done for the cross waves condition.
Where, the m and n are used for the wave directions while j and k for wave frequencies. F 0 is a complex function except when m = n. F 1 is also complex.
The time series of second order loading at the order-0 of approximation in multidirectional waves can be written as:
With E * m (t) being the complex conjugate of E m (t) . Furthermore, the order-∆ω approximation can be written as:
The derivate d(.)/dt in the compact form (16) is understood to apply only to the term exp(iω j t) and exp(−iω j t).
NUMERICAL RESULTS
We consider the case of a barge shaped vessel with [L,B,T]=[300,54,20] in meters installed in deep water depth, considered as infinity for calculations purpose. In addition we consider two irregular long crested waves coming directions 180
• and 220
• (e.g. wind sea and swell). The full QTFs in cross waves have been computed using Bureau Veritas hydrodynamic analysis software HydroStar. As example, the figures 1-6 show the QTF in cross waves for a difference-frequency equal to 0.04rad/s.
The cross wave condition with two identical seastates with H S = 2.0m and T P = 10.0s coming from 180 • (head sea) and 225 • (quartering sea) has been considered. Three-hours time series of low-frequency second-order loads have been calculated by using the two new approximations of order-0 and order-∆ω respectively as well as the full QTF. The time series were calculated for difference-frequencies up to 0.06rad/s. The figures 7-9 present the comparison between the three different formulations for the time series reconstruction.
Another relevant question is whether it is necessary to consider the directional interaction between waves. The figures 10-12 show the comparison of the time series obtained by the full QTF method with and without the consideration of the directional interaction. When directional interactiion is neglected, the time signal can be reconstructed using only a single sum of directions.
CONCLUSIONS
We have presented the formulations used to compute the low-frequency wave loading in multi-directional seas. The numerical results presented for the case of cross seas in deep waters show the importance of accounting for the interaction between waves from different directions. In case of cross seas, the impact of this interaction is less important when the frequency overlapping between the spectra is small.
In the same way as in [10] , the QTF is developed in Taylor expansion and the order-∆ω approximation has been extended to the case of multidirectional seas. This new approximation has two advantages: it requires the computation of only two diagonals of the QTF and the time series reconstruction of lowfrequency loading is reduced to triple sums instead of quadruple sum. The computation time is then significantly reduced.
The numerical example presented demonstrate the applicability of the new approximations. The influence of the directional interaction is small in the case studied, although some difference can be noticed for the longitudinal force and horizontal moment. The two approximations show comparable results in deep water cases, although some improvement can be noticed in the phases by using the order-∆ω approximation. 
